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CERTAIN MAPS PRESERVING SELF-HOMOTOPY 
EQUIVALENCES 


JIN-HO LEE AND TOSHIHIRO YAMAGUCHI 


Abstract. Let S-{X) be the group of homotopy classes of self homotopy equiv¬ 
alences for a connected CW complex X. We observe two classes of maps S- 
maps and co-£^-maps. They are defined as the maps X ^ Y that induce the 
homomorphisms S{X) ^{Y) and S{Y) ^(A), respectively. We give some 
rationalized examples related to spheres, Lie groups and homogeneous spaces 
by using Sullivan models. Furthermore, we introduce an ^’-equivalence rela¬ 
tion between rationalized spaces Aq and Vq as a geometric realization of an 
isomorphism £^(Aq) = ^^CKq). 


1. Introduction 

Needless to say, the based homotopy set [A, Y] of based continuous maps from a 
based space A to a based space Y is a most interesting object in homotopy theory. 
In the following, all maps are based and we do not distinguish a homotopy class 
and the representative in a homotopy set. Let A be a connected CW complex with 
base point * and let 

S{X) = {[f]&[X,X\\f,X^X} 

be the group of homotopy classes of self-homotopy equivalences for A with the 
operation given by the composition of homotopy classes. This group is important 
and has been closely studied as part of homotopy theory (for example, see [ 3 ], [ 13 ] . 

m, m, i, HI, 0). 

It is clear that £(X) = £{Y) as a group if A ~ Y. One of the difficulties of its 
computation or evaluation may be based on the fact that £{ ) is not functorial, i.e., 
there is no suitable induced map between £{X) and £(Y) for the map / : A —Y in 
general. However, recall that, for example, the injection ix ■ X ^ X x Y and the 
projection py : A x Y -^Y induce the natural monomorphisms £{X) £{X xY) 

and £(Y) ^ £(X X Y), respectively. 

Definition 1.1. We say a map f : X ^Y is anf-map if there is a homomorphism 
(pf : £{X) —> £{Y) such that 

q 

X—^X 
f f 

' ' ^ / N ' ' 
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homotopically commutes for any element g of £{X). We say the map f : X ^ Y 
is a co-f-map if there is a homomorphism ipf : £{Y) — ^ £{X) such that 


X 

f 


i’fia) 


Y 


g 


X 

f 

'' 

Y 


homotopically commutes for any element g of£{Y). 


Especially we consider the rationalized version of £^-maps and co-f-maps by using 
Sullivan models m, m- Let Xq be the rationalization of a nilpotent space 

X m- 

Definition 1.2. A map f : X ^ Y between nilpotent spaces is a rational f-map if 
the rationalization /q : Xq Yq is an £-map. Similarly a map f : X ^ Y between 
nilpotent spaces is a rational co-f-map if the rationalization /q : Xq — >■ Lq zs a 
co-£-map. 


Question 1.3. When is a map a (rational) f-map or a (rational) co-f-map ? 


Theorem 1.4. Let G be a compact connected Lie group and H be a connected 
closed sub-Lie group of G. 

(1) The inclusion j : H ^ G is a rational £-map */7r,(j) (8) Q is injective. 

(2) For the homogeneous space G/Fl, the projection map f : G ^ G/H is a 
rational co-£-map. 


The assumption £{X) = £{Y) does not, in general, imply X and Y are homotopy 
equivalent spaces. Finally, we consider the question: When is an isomorphism 
£{Xq) = £{Yq) realized as a composition of rational £-maps and rational co-£- 
maps between Xq and 1q ? 

Definition 1.5. We say that nilpotent spaces X and Y are rationally f-equivalent 
(denote as Xq Lq) if there is a chain of spherically injective f-maps and spheri¬ 
cally injective co-f-maps 

Xqh ■■■ ZnH" Fq 

{Zi are rational spaces) such that an isomorphism ^(Xq) = £{Yq) is given by a 
composition of n+ 1 -isomorphisms and {' 0 /i}i, i.e., ■ 

^(Xq) ^ £:(yQ) or (j)f^ o : £{Yq) ^ £(Xq). 

Remark 1.6. In this paper, we say that a map / : X —^ F is spherically injective 
when /|j(m) ^ 0 € 7 r*(F) if hurx{u) 7 ^ 0 for it G 7 r*(X). Here hurx '■ 7 r*(X) 
il*(X) is the Hurewicz homomorphism for a space X. Thus we have 

(weakly) homotopy equivalent => spherically injective => homotopy non-trivial 

If we admit the homotopy trivial maps as /j, any isomorphism £(Xq) = £(Yq) 
induces Xq Lq by the constant map * : Xq Lq. 

Theorem 1.7. (1) If X andY are rationally homotopy equivalent, i.e., Xq ~ Iq, 
then Xq Fq . 

(2) For any n, Sq CPq and Sq ~ HPq. 
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(3) Whenm is even andn is odd, (iS''"ViS'”)q (S'™xS'")q if and only ifm n+1. 

(4) For odd-integers \ < m < n, (S'™ x S'")q ^ Eq ~ EL for non-trivial fibrations 

gm+n-i ^ xS^ and 5'2™+"-2 ^E' ^E. 

(5) There are integers m ^ n such that Sq ^ S^. For example, Sq ^ S'^. 

Remark 1.8. The proof of Theorem 11.71 (5) requires a rigid rational space X of 
[4], which induces £{X) = {idx}- For the total space Zi of a fibration 

X^Z^^S^x S^, 

it is given by the sequence ^ Zi f-map fi with (j)f^ : £(Sq) = 

£{Zi) and a co-f-map /2 with Because of the demand that 

£(Zi) = Q* (Q* := Q — 0), we need suitable restrictions about the pair (m, n) and 
see that (53, 67) satisfies them in the proof. Of course, it depends on the model 
structure of X. So we may require more various types of rigid models for the proof 
of (5) in many cases of (m, n). On the other hand, the authors cannot find an 
example that Sq / Sq for some {m,n). 

Problem 1.9. If £{X) = £{Y) for rational spaces X and Y, does it hold that 

X ~ y ? 

£ 

Remark 1.10. For rational spaces X, Y and Z, even if X hold 

that X X Y X X Z. For example, when X = S^, Y = and Z = CP^, 

£{{X X y)Q) = Q* X Q* but £{{X x Z)q) is isomorphic to the subgroup of lower 
triangular matrixes of GL(2,Q). 

In §2, we demonstrate the basic properties and provide examples in ordinary 
homotopy theory of f-maps and co-f-maps. In §3, we give some computations in 
rational homotopy theory using Sullivan minimal models. 

2. Some properties 

Recall that [X, ] is the covariant functor from the category of spaces to the 

category of sets, where for a map f : Y ^ Z, the map f*{g) : [X,Y] [X,Z] is 

given by f*{g) = f o g- On the other hand, [ , Z\ \s the cotravariant functor. For 
the map f : X ^Y, the map f*{g) : [Y, Z] —> [X, Z] is given by f*{g) = go f- The 
following lemma holds from 4>f{g)of = fog and / o ipf(g) = g o f. 

Lemma 2.1. A map f X ^ Y is an £-map {or a co-£-map) if and only if there 
is a group homomorphism cpf : £{X) —> £{Y) {or ipf : £{Y) —>■ £{X)) where the 
following diagrams 

[X, X] ^ [X, y] [Y, Y] [X, X] [X, y] [y, y] 



u u 




d 


£{X) - - - ^£{Y) £{X)^ - - - £{Y) 


are commutative. 


Of course, the maps (pf and ipf may not be uniquely determined for a map /. 
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Lemma 2.2. (1) If maps f \ X and g :Y ^ Z are £-maps, then gof ■. X ^ Z 
is an £-map. 

(2) If f and g are co-£-maps, then g o f is a co-£-map. 

(3) The constant map is both an £-map and a co-£-map. 

(4) A homotopy equivalence map is both an £-map and a co-£-map. 

Proof. (1) (j)gof{h) := (j)g o (j)f{h) for h G £{X). 

(2) tpgofih) := '0/ o iig{h) for h £ £{Z). 

(3) It is sufficient to put 4>f = ipf = i.e., 4>f{g) = idy and 'f’fig) = idx for any g. 

(4) It is sufficient to put (t>f{h) := f oho f~^ for h G £{X) and ipf{h) := f~^ oho f 

for h G £(Y), where is the homotopy inverse of /. □ 

Definition 2.3. [141 Chapter 3] ([16]) Let a : X ^ Y and ft : Z ^ W he maps. 
n(Q;, /?) is the set of all homotopy classes of pairs [/i, / 2 ] such that 


X 

Y 



is homotopy commutative. Here a homotopy of (/i, / 2 ) is just a pair of homotopies 
(/it,/ 2 t) such that (3fit = f 2 toi. If [/i,/ 2 ] has a two sided inverse in n(a,^), we 
call [/i,/ 2 ] a homotopy equivalence. If a = /3, we call [/i,/ 2 ] a self-homotopy 
equivalence and denote the set of all self-homotopy equivalences by £{a). 


Lemma 2.4. For a map f : X ^Y, 

(1) f is an £-map if and only if h : £{f) —>■ £{X) given by h[gi,g 2 ] = [gi] is an 
epimorphism with a section. 

( 2 ) f is a co-£-map if and only if h' : £{f) —?► £ 0 ^) given by h'[gi,g 2 ] = [ 32 ] is an 
epimorphism with a section. 


Proof. (1) Suppose that / is an f-map. Then we have a map 4>f : £{X) —^ £{Y) 
such that (j)f{g) o / ~ / o g for any g G £{X). Thus we have [g,(j)f[g)\ G £{f) 
and h[g,(j)f[g)\ = [g] and h is epimorphic. Next suppose that h is an epimorphism. 
For any [ 5 ] G £{X), we have [g',g"] G £{f) such that h[g',g''] = [g]. So g is 
homotopic to g'. Since [g',g”] G £{f), g' and g” are homotopy equivalences and 
g"of ~ fog'. Thus we can define a map : £{X) —>• £{Y) by (j>f{g) = where 

TT : £{f ) £{y) is the natural projection and s is the section of the assumption. 

Hence, / is an f-map. 

(2) Suppose that / is a co-f-map. Then we have a map ipf : £{Y) — £iX) 
such that g o f ~ f o 'tpf{g) for any g G £{Y). So we have [tpf{g),g] G £{f) and 
h'['ipf{g), g] = [g]. Thus h' is epimorphic. Next suppose that h' is an epimorphism. 
For any [g] G £iY), we have [g'^g"] G £{f) such that h[g',g''] = [g] and thus g is 
homotopic to g" . Since [g',g"] G £{f), g' and g" are homotopy equivalences and 
g" o f f o g'. Then we can define a map ipf : £(Y) —S’£(X) by tpf{g) = ho s'[ 5 ] 
for the section s'. Hence, / is a co-S-map. □ 


Theorem 2.5. Let rj : ^ S'^ and 1 / : ^ S'^ be the Hopf fibrations with fibre 

and S^, respectively. Let €3 : be the generator of 7 Tii{S^) = Z 9 f[22| ). 

Then 

( 1 ) r] is a co-£-map, but not an £-map, 
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(2) V is neither an £-map nor a eo-£-map and 

(3) £3 is both an £-niap and a co-£-map. 

Proof. (1) From [13 Example 4.2 (i)], we have n(7y, rj) = fci 2 ) | fc € Z} as a 

set. Therefore, we have a homotopy commutative diagram 

V V 

^2 kL2 ^ ^2 

It is well known that £(S'^) = {t„, —Ln} — ^ 2 - Since (ta, — 1 - 2 ), ((-a, '- 2 ) S n(? 7 ,? 7 ), ij 
is a co-f-map. However, there is no map f : ^ such that (—ta, /) € n(77, p). 

Thus r] is not an f-map. 

(2) From [T3 Example 4.2 (ii)], we have n(i/, z/) = {(/c^ty, fct 4 ) | fc(fc — 1) = 
0{mod 8)} as a set. Therefore, we have a homotopy commutative diagram 


^7 ^7 

12 12 
54^^54 

Since there are no maps f : S'^ ^ S'^ and g : ^ such that (/, — 64 ), {— 1 - 7 , g) S 

n(u, p), u is neither an f-map nor a co-£i-map. 

(3) From [T3 Example 4.2 (iv)], we have n(e 3 ,e 3 ) = {((c? + 2s)iii, dta) | d, s S 
Z} = Z X Z as a group. Therefore we have a homotopy commutative diagram 


(d+2s)Lii 


S' 


S3 


dt3 


■S3 


Since (tii, ta), (—tii, —ta) € n(e 3 ,e 3 ), £3 is both an S-map and a co-S-map. □ 


Example 2.6. (1) Let e ■. X ^ £tT,X be the adjoint of id^x from the one-to-one 
correspondence [X, HEX] = [EX, EX]. We know that e(a;)(t) = (x,t). Let / be 
a self homotopy equivalence on X, that is, / G S(X) and let /' be a homotopy 
inverse of /. It is clear that the map E/ : EX EX, E/(a;,t) = {f{x),t), 
is a homotopy equivalence with homotopy inverse E/'. Then we define a map 
/ : HEX —>■ HEX by f{a){t) = E/(a(t)). Define another map /' : HEX —>■ HEX 
by f'{a)(t) = E/'(a(t)). Clearly we have f o f ~ id and /' o / ~ id. Moreover 
we have e{f{x)){t) = {f{x),t) and f{e{x)){t) = Ef{e{x){t)) = T,f{x,t) = {f{x),t). 
Therefore we have a commutative diagram 

f 

X - - -^X 

e e 

7 


HEX 

Thus e : X —HEX is an S-map. 


HEX 
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(2) Let TT : 'SHY ^ F be the adjoint of idnv from the one-to-one correspondence 
[SriF, F] = [flF, f2F]. We know that 7 r(a,t) = a{t). Let g be a self homotopy 
equivalence on F, that is g € £{Y) and let g' be a homotopy inverse of g. Then 
we define a map g : SHY SHY by g{a, t) = {g o a, t) and g' : SflF EflF by 
g'{a^ t) = {g' o a, t). Clearly we have "g o g' ~ id and g' o'g id. Moreover we have 
{■Ko'g){a,t) = n{g oa,t) = {goa){t) and (go 7 r)(a,t) = g{a{t)). Therefore we have 
a commutative diagram 


SHY - - -s- SHY 


TT 

Y 


9 


TT 

' ’ 


F 


Therefore tt : SHY —>■ F is a co-f-map. 


Example 2.7. There is a natural homomorphism ^ £{X(^n-i)) obtained 

by restricting the map to a lower Postnikov section [31 p.27]. Thus the principal 
if( 7 rji(X),n)-fibration if(n) is an f-map. The restriction map X 

X(^n-i) is also an f-map. On the other hand, for the n-skeleton X^^\ the inclusions 
XO) —and —>■ X are both co-^-maps. 


Remark 2.8. Recall that a space X is said to be (homotopically) rigid when 
8 {X) = {idx} [S] (HI). If X is rigid, then every map / : X —>■ F is an f-map 
by (j)f(idx) = idy. If F is rigid, then every map / : if —F is a co-f-map by 
ilifiidy) = idx- Also we can construct infinitely many examples of £l-maps and 
co-f-maps by using the functor of [3J Remark 2.8]. 


3. Computations in Sullivan models 

We assume that W is a nilpotent CW complex. Let M{X) = {KV,d) be the 
Sullivan minimal model of X [2Ij . It is a free Q-commutative differential graded 
algebra (DGA) with a Q-graded vector space V = 0j>2where dimF® < oo 
and a decomposable differential; i.e., d(F®) C (A+F • A+F)*+^ and d o d = 0. 
Here A+F is the ideal of AF generated by elements of positive degree. The degree 
of a homogeneous element a; of a graded algebra is denoted as |a:|. Then xy = 
{—l)''^\\v\yx and d{xy) = d{x)y + {—l)''^''xd{y). Note that XI{X) determines the 
rational homotopy type of X. In particular, H*{AV,d) = H*{X;Q) and F® = 
Hom{TTi{X),Q). Refer to (TU] for details. 

Let AutM be the group of DGA-automorphisms of a DGA M. For a nilpotent 
space X and a (not necessarily minimal) model M{X), there is a group isomorphism 

£-(Wq) - £{M{X% 

where £{M{X)) = AutM{X)/ ~ is the group of self-DGA-homotopy equivalence 
classes of M{X) |3T]. Now recall about “DGA-homotopy” in [T3]: In general, two 
maps / : M{Y) —>■ M{X) and g : M{Y) —>■ M{X) are DGA-homotopic (denote as 
/ ~ g) if there is a DGA-map H : M(Y) —>• M{X)® A(t, dt) such that H 
f and H g. Here jtj = 0 and \dt\ = 1 with d{t) = dt, d{dt) = 0. 

The group £{M{X)) does not depend on choosing a model of X. For example, 
the minimal model M = = {Aw,Q) and a non-minimal model M' = 

{A{y,w,v), D) with |y| = 2, |?i;| = 2n1, jn] = I, Dy = 0, Dw = y'^^^ and 
Dv = y are both models of 5'^”+^. Obviously we have £{M) = Q* by w —>■ aw for 
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a gQ*. On the other hand, in E{M') we can set H{y) = cyt + cvdt, H[v) = cvt and 
H{w) = aw + by^v + b'y’^vt^'^^ with a, b, b', c € Q*. Then a + 6 = 0 and b' = 
from D o H = H o D. Thus two maps / G AutM' given by f{y) = f(v) = 0, 
f{w) = a{w — y'^v) and g G AutM' given by g(y) = cy, g{v) = cv, g(w) = 
a{w — y'^v) + are DGA-homotopic. Hence we have £{M') = £{M) = Q* 

as in ExamDle l3.3f li below. 

Remark 3.1. From the universality of the localization [15], the rationalization 
map 1 : A —>■ Aq is an f-map, but it is not a co-f-map in general. For example, 
when X = S^, the elements / of £{M{X)) = f(A(x),0) with f{x) = ax for 
a 7 f±l€Q*=Q — 0 can not be realized as a homotopy equivalence of A. 

The model of a map / : A —>■ A between nilpotent spaces is given by a relative 
model: 

XI{Y) = {AW, dy) 4 (AIT 0 AV, D) 4 (AT, D) 

with D\aw = dy and the minimal model (AT, D) of the homotopy fiber of /. It is 
well known that there is a quasi-isomorphism M{X) —>• (AIT 0 AV,D) [10]. Then 
Definition O is translated to 

Definition 3.2. Let / : A ^ T be a map between nilpotent spaces. 

(1) The map / is a rational f-map if and only if there is a homomorphism 
(j>f : £{AW 0 AT, D) -g f (AIT, dy) such that 

(AIT 0 AT, D) —^ (AIT 0 AT, D) 

i i 

(AIT, dy) -(AIT, dy) 

is DGA-homotopy commutative for any element g of £{AW 0 AT, D). 

(2) The map / is a rational co-f-map if and only if there is a homomorphism 
i/)/ : f (AIT, dy) —>■ f (AIT 0 AT, D) such that 

(AIT 0 AT, D) (AIT 0 AT, D) 

i i 

{AW, dy) - - -^ (AIT, dy) 

is DGA-homotopy commutative for any element g of £{AW,dy). 

Example 3.3. (1) For the Hopf hbration -G 5”^"+^ 4 CP", the relative model 
is given by 

{A{y,w),dy) {A{y,w,v),D) -G {A{v),0) 

with \y\ = 2, |?ii| = 2n -I- 1, |u| = 1, dyw = and Dv = y. We can identify 

£{CPq) as Q* by g{y) = ay and g{w) = for g G £{CPq) and a G Q*. 

Also we have £’(5'^"’'’^) = £{A{y,w,v),D) = £{Aw,0) = Q*. Then there is a 
homomorphism 

£{CP^) -G £:( 52 n+l) ^ Q* 

which is given by V'/(a) = for a G Q*. Thus / is a rational co-S-map, but it 
is not a rational f-map. 
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(2) Let X be the pullback of the sphere bundle of the tangent bundle of 5'™+’^ 

by the canonical degree 1 map S'™ x S" —>■ S™’*'" for odd integers m and n. Then 
it is the total space of a fibration S™ x S" whose model is 

{A{wi,W2 ),0 ) {A{wi,W 2 ,u),D) ->■ (A('u),0) 

with |wi| = m, |ri; 2 | = n, |m| = m + n — 1 and Du = wiW 2 is both a rational S-map 
and a rational co-S-map. 

(3) The fibration S™ x x A- (m ^ n are odd) whose model is 

{A{w),0) —>■ {A{w, V, u), D) —>• (A(u, u),0) 

where |w| = n, |u| = to, |it| = m + n — 1 and Du = wv with to, n odd is both a 
rational S-map and a rational co-S-map. 

(4) For the fibration CP"“^ —?> ^ S^" given by 

{A{y,w),dY) {A{y,w,x,v),D) {A{x,v),D) 

with \y\ = 2n, |r(;| = 4n —1, |x| = 2, |ii| = 2n —1, dyy = 0, dyw = Dx = Dx = 0, 
Dv = y — x^ and Dv = a;", the map / is a rational S-map given by (/>/(a) = a” for 
a € Q* but not a rational co-S-map. 

Example 3.4. For an n-dimensional manifold X, the collapsing map of lower 
cells / : Ai —> S" is an S-map. Indeed, from the commutative diagram between 
cofibrations 

Xin-l) ^ 

q 

X - - -^ a: 

/ / 

Y _ 

s".®.>■ S”, 

we have 4>f{g) = g, but it is not a (rational) co-S-map in general. For example, the 
collapsing map of lower cells f : X = CP" —>• S^" = Y induces a DGA-map 

f* : M(Y) = {A{y,w),dy) {A{x,v),dx) = M{X) 

with dyw = y^, dyv = f*{y) = x" and f*{w) = x^~^v. The map / is a 

rational S-map by = o" for a € Q* but not a rational co-S-map. Indeed, for 

g*{y) = ay with a ^ (Q*)^™ := Q* • Q* • • ■ Q* (m-times), we cannot define ipf* (g*)- 

Example 3.5. Let ilY = map{{S^, *), (F, *)) be the base point preserving the loop 
space of a simply connected space Y and LY = map{S^,Y), the free loop space of 
Y. We consider the evaluation map / : LY —>• Y with /(cr) = cr(*). It is a co-f-map 
by 'ij}f{g)(h) = g o h ior g € £(Y). What is the (rational) homotopical condition of 
Y that allows / to be a (rational) f-map? According to [23], the relative model of 

f 

the free loop fibration LtY —LY — Y: 

M{Y) = (AF, d) {AV ® AF, D) (AF, 0) 

with M{LY) = (AF 0 AV,D) is defined as follow: The graded vector space F 
satisfies F = F"“^ for n > 0 and denote by s : F F (s(v) := v) this isomor¬ 
phism of degree —I. There is a unique extension of s into a derivation of algebra 
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s : AV ( 8 > Ay Ay 0 Ay such that s(y) = 0. The differential D is given by 
D{v) = d{v) for u e y and D{v) = —so d{v) for v GV. 

If every DGA-isomorphism g of (Ay (^AV,D) satisfies g|AV € £{AV,d), then / 
{M{f)) is a rational f-map by </>/(<?) = glw- 

(1) When Y = S'”, we observe that the map / is a rational S-map. If n is even, 

= {A{x,y),d) with \x\ = n, | 2 /| = 2n+ 1, da; = 0 and dy = x'^. For example, 
when n = 2, note that there is no DGA-map g{x) = x + y. 

(2) When Y = S’” x S" for odd integers m < n, the map / is a rational £- 
map if and only if m — 1 is not a divisor of n — 1. Indeed, let M{S'^ x S") = 
(A(a;, y), 0). When n — 1 = a{m — 1) for an integer a > 1, there is a DGA- 
isomorphism g : {A{x,y,x,y),0) -G {A{x,y,x,y),0) with g{x) = x, g{x) = x, 
diV) = y 3 'iid g{y) = y + x°'~"^x. Then / cannot be a rational S-map. When 
n — 1 ^ a(m — 1) for any a, a self-map g is given by g(x) = x and g{y) = y from 
the degree reason. 


Proof of Theorem Note that 7 r*(j)Q is injective if and only if the model 

of j : id —>■ G is given as the projection M(G) = (A(ui,-- - ,Vk,ui,--- ,ui),0) 
(A(t!i,--- ,Vk),0) = M{H) after a suitable basis change. Then we can define as 
1 a(«i,-,u 0 for any g G S(A(ui,- - • ,Ufc),0). □ 


For the n-dimensional unitary group U{n), M{U{n)) = M{S^ x • • • x S^”“^) = 
(A(ui, • • • , Vn), 0) with |ui| = 2i — 1. For the n-dimensional special unitary group 
SU{n), M{SU{n)) = (A(ui, • • • , Un-i), 0) with jui] = 2i -|- 1. For the n-dimensional 
symplectic group Sp{n), M{Sp{n)) = {A{vi, ■ ■ ■ 0) with |ui| = 4z — 1 . 

Example 3.6. In general, for a connected closed sub-Lie group id of a compact 
connected Lie group G, the inclusion j : id —> G, is not a rational S-map. For 
example, the blockwise inclusion j : SU{3) x SU{3) -G SU{6) is not. Indeed, 
M{SU{3) X SU{3)) = (A(ui,wi,U 2 ,W 2 ),0) with |ui| = Iwil = 3 |m 2 | = |w 2 | = 5 
and M{SU{&)) = (A(ui, U 2 ,'C 3 W 4 W 5 ), 0) with |uj| = 2z -|- 1. M{j){vi) = Ui + Wi 
for i = 1,2. Then we cannot define (j^Ad) fo^ 9 ^ ^(A(mi, wi,U 2 , W 2 ),0) when 
g(ui) = Ui g(wi) = —Wi for example. 

Lemma 3.7. Let X = 5“’ x • • • x S’®™ x Y and Y = x • • • x S'**" for odd-integers 
Q-i < • • • < o-m "L bi < ■ ■ ■ < bn- Then the second factor projection map f : X ^ Y 
is a rational £-map if and only if there are no subsets {ii, • • • ,ik} of { 1 , • • • ,m} 
and {ji, • • • , jfe} o/{l, • • • ,n} with bk = -- Vbj^ for fc = 1 , ..,n. 

Proof. Put M{X) = (A(a;i,..,Xm,?/i,-,2/n),0) and M{Y) = (A(?/i, 0) with 

\xi\ = Oi and \yi\ = bi. If -I- • • • -I- bj,,, there is a map g G £{M[X)) such 

that 


g{xi)=Xi (i<m), g{y,)=y, (i^k), g{yk) = yk + Xi, ■ ■ ■ Xi^yj, ■ ■ ■ yj^ 

and M[f){jji) = yi for all i. Then we can not have a DGA-homotopy commutative 
diagram 


(A(xi , .., Xm 7 yi,..,y„), 0 ) 


(A(a:i , .., Xfjl 7 yi,.., 2 /„), 0 ) 


M(f) 


4'f{g) 


M[f) 


(A(?/l,..,1/n),0) 


(A(2/i,..,2/„),0). 
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If 6 fc Cij + • • • + bjf. for any k and index set, we can put 

4'f(.9) 9 lA(i/i,..,y„) 

in the diagram for any map g S £{M{X)). □ 


Theorem 3.8. (1) When 2 < m < n, the natural projection Pn,m ■ U{n) —>• 
U(n)/U{m) is a rational £-map if and only if n < 5. 

(2) When 2 < m < n, the natural projection Pn,m ■ SU{n) —>■ SUln)/SU(m) is 
a rational £-map if and only if n < 8. 

Lemma 3.9. Let X = 3°“^ x • • • x 5'“"* and Y = X x x • • • x for odd-integers 
0-1 ■ Y Om 3 bi < • • • < Then the first factor inclusion map f \ X ^ Y is a 

rational co-£-map if and only if there is no subset {ii, • • • , ik} of { 1 , • • • , m} with 
= Oil H- 1 - flzfc for k = 1 ,n. 

Proof Let M{X) = {A{xi,Xm),0) and XI(Y) = (A(xi, 2 /i, J/™), 0) with 

|xi| = Ui and \yi\ = bi. li bk = Oii + • ■ • + there is a map g G £{M{Y)) such 
that 

g{xi)=Xi {i<m), g{yi) = y, {i ^ k), giyk) = Vk + Xi^ ■ ■ ■ Xi^ 

and M{f){xi) = Xi and M{f){yi) = 0 for all i. Then we cannot have a DGA- 
homotopy commutative diagram 


(A(xi, ..,Xm),0) 

MU) 


'Pfig) 


(A(xi,X tti), 0) 

MU) 


(A(xi , .., Xm 7 yi,-,yn),o) - ^ (A(xi , . ., Xm 7 yi,..,yn),0). 

If 6 fc Oil + ■ • ■ + Oij, for any k and {h, • • • , ifc}, we can put 

^fig) = 9 

in the diagram for any map g G £{M(Y)). 


□ 


From Lemma l3.91 we have the following. 


Theorem 3.10. (1) When 2 < m < n, the natural inclusion map im,n '■ U{m) —>■ 
U{n) is a rational co-£-map if and only if n < 5. 

(2) When 2 < m < n, the natural inclusion map im,n ■ SU(m) -G SU(n) is a 
rational co-£-map if and only if n < 8 . 

(3) When m < 4, the natural inclusion map im,n '■ Sp{m) -G Sp{n) is a rational 
co-£-map for any m < n. When A < m < n, the natural inclusion map im,n ■ 
Sp{m) -G Sp{n) is a rational co-£-map if and only if n < 14. 

Proof. (3) For S = {3, 7,11,15,19, 23, 27, 31,35,39,43,47, 51, 55, • • •}, there are no 
integers a,b,c,d G S with a < b < c < d satisfying the equation a + 6 + c = d since 

{Ai - 1) + (4j -l) + {Ak-l) = A(i + j + k)- 8 ^Al-l 

for any i, j, fc, 1 € N. On the other hand, 3 + 7+ll + 15 + (19 + 4i) = 55 + 4i = |xi 4 +i| 
for i > 0. □ 


For a connected closed sub-Lie group id of a compact connected Lie group G with 
inclusion j : L[ ^ G, there is the induced map Bj : BH -G BG between the classi¬ 
fying spaces. It induces a map Bj* : M[BG) = {XVbGi^) = (Q[ 2 ^ 1 j ''' )3^fe])0) ^ 
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{AVbh,0) = M{BH) between the models. Here \xi\ are even and rankG = k. Let 
by corresponding yi to Xi with \yi\ = \xi\ - 1. 

Lemma 3.11. / |ini Proposition 15.16]^ The (non-minimal) model ofG/H is given 
as {AVbh ® AVgi d) where dxi = 0 and dyi = Bj*{xi) for i = 1 ,k. 

Proof of Theorem \1.4]f 2). For f : G ^ G/H, M{f) is given by the projection 
{AVbh ® AVg, d) —>■ (AVg, 0) sending elements of AVbh to zero from Lemma [3. Ill 
Thus we can define '0/(5) for any g G £{AVbh ® AVc^d) by 0/((?) = g because 
g{x^) eQ[xi,..,Xk]. □ 


Example 3.12. Let X be a G-space for a Lie group G. When is the orbit map 
f : X X/G a rational co-f-map ? Let X = S'^ x where M{S'^ x S^) = 
{A{x,y, z),d) with dx = dz = 0 and dy = x^ of \x\ = 2, \y\ = \z\ = 3. There 
are free S'^-actions on X where M{X/S^) = M{ES^ Xgi X) = {A{t, x,y, z), D) for 
M{BS^) = (Q[t],0) with |/| = 2 [I], [T3]. If the Borel space of a S'^-action has the 
model with Dx = Dt = 0, Dy = x'^ and Dz = (it is given by a free action on S^), 
f is not a rational co-f-map. Indeed, we can not define tpf{g) for the DGA-map g 
with g{x) = t, g{t) = x, g{y) = z and g{z) = y. But if a S^-action has the model 
with Dy = x"^ + af^ and Dz = xt for a ^ Q*/(Q*)^, the orbit map / is a rational 
co-f-map. 


Remark 3.13. Even if a map / is an f-map, it may not be a rational f-map. Recall 
an example of Arkowitz and Lupton [5] : Let E be a rational (non-universal) space 
such that M(r) = {A{xi,X 2 ,yi,y 2 ,y 3 ,z),d) with |a;i| = 10, \x 2 \ = 12, \yi\ = 41, 
|52|=43, |2/3|=45, 10 = 119, 

dxi = dx 2 = 0, dyi = x\x 2 , dy 2 = X 1 X 2 , dys = X 1 X 2 and 

dz = X 2 {yiX 2 - xiy 2 ){y 2 X 2 - xiys) + xj"^ + xiP. 

Then £{Y) = {gi,g 2 }{= {1, -1}) where gi = idy and 32 is given by 

52(2:1) = xi , 52(2:2) = -2:2, 52(51) = - yi , 


52 ( 52 ) = 52 , 52 ( 53 ) = - 53 , 92 ( 2 ) = z 

[H Example 5.2]. Consider the 12-dimensional homotopy generator / : Y 

corresponding to X 2 - It is an f-map by the homotopy commutative diagram: 



where 0/ : £{S^^) = {±1} = £{Y) by </>/(!) = 51 and 0/(—1) = 52 . But it is 
not a rational f-map. Because there is no map 0/ : £{M{S^‘^)) = £{A{u,v),d) 
£{M{Y)) when a 0 ±1 G Q*, i.e., there is no homotopy commutative diagram: 


Xa 


<pf{xa) 


{A{u,v),d) 

MU) 

AI{Y) - 


{A{u,v),d) 

MU) 

^M{Y) 












12 


JIN-HO LEE AND TOSHIHIRO YAMAGUCHI 


where M{f){x 2 ) = u, M{f){z) = u^v and M{f) sends the others to zero. Here 
= {A{u,v),d) with |ti| = 12, |i;| = 23, du = 0, dv = and xa{u) = au, 
xa{v) = a^v. 

Proof of Theorem [13 (1) It is obvious from the definition. 

(2) As (non-graded) DGAs, M(CP”) = = {A{x,y),d) where dx = 0 

and dy = Therefore the inclusions —?> CP" and —>■ HP” induce 

£{S^) = f (CP^)(= Q* :=Q- 0) and £{S^) = £’(HP^)(^ Q*), respectively. 

(3) Suppose that m is even and n is odd. Then M{S^ x S'") = {A{x,y, z),d) 
where dx = dy = 0 and dz = x"^ with |a;| = m, |?/| = n and \z\ = 2m — 1. 

If m — 1 = n, we have \z\ = \xy\. Then any element of 8 {A{x, y, z),d) is given as 

X —>■ ax, y ^ by, 2 —>■ afz + cxy 

for some a,b G Q* and c G Q. The same is not true for £{{S'^ V S")q) = 
£{{A{x,y,z,---),d) since [xy] = 0 in V S”;Q) = Q[a:] ® A{y) / [x'^, xy), 

i.e, c = 0. 

If 2m — 1 = n, we have \z\ = \y\. Then any element of £{A{x, y, z), d) is given as 
X —>■ ax, y ^ by, z —>■ a^z + cy 

for some a, 6 G Q* and c G Q. The same is true for S((S'"VS”)q) = S((A(a;, y,z, - ■ ■ ),d), 
which is also checked by using its Quillen model [T0].[8]. 

In the other case, c = 0 for S'" V S" and S’” x S". 

Thus we have the following table: 


s((S'”vs")q) 

S((S'" X S”)q) 

m:even, n:odd 

Q* X Q* 

Q* X Q* X Q 

m — 1 = n 

Q* X Q* X Q 

Q* X Q* X Q 

2m — 1 = n 

Q* X Q* 

Q* X Q* 

other 


Hence the inclusion / : S’” V S" ^ S'" x S” induces (j)f : S((S'" V S")q) = 
S((S'" X S")q) if and only ii m ^ n + 1. 

(4) Since the hbrations are non-trivial, the models of the total spaces are uniquely 
determined as M(P) = [A(x,y,vi),d) with |a;| = m, \y\ = n, dx = dy = 0 and 
dvi = xy and AI{E') = [A[x,y,vi,V 2 ),d) with dx = dy = 0, dvi = xy, dv 2 = xvi. 
Then oipp^ : £{A{x,y),0) = £{A{x,y,vi),d) = £{A{x,y,vi,V 2 ),d) from degree 
reasons. 

(5) Recall the rigid model of Arkowitz and Lupton [4]: Let 

Af = {A{xi,X2,yi,y2,y3,z),d) 

with given by |a;i| = 8, \x 2 \ = 10, \yi\ = 33, \y 2 \ = 35, |?/ 3 | = 37 and |z| = 119, 
dxi = dx 2 = 0, dyi = xfx 2 , dy 2 = xlx 2 , dy^ = xix\ and 
dz = a := xf(yiX 2 - xiy 2 )(y 2 X 2 - xiyz) + x\^ + x ^2 ■ 

(Note that the degrees of elements are determined by the differential d.) Then 
£{M) = {idM} [H Example 5.1]. Now define a Hirsch extension [12] by M as 

(A(?;, w), 0) ^ (A(u, w) ® M, d') =: M' 

where juj and |u>| are suitable odd integers with juj ^ jwj, |u| + |w| = 120 and 
d'v = d'w = 0, d'z = a + vw {d' = d for the other elements). For example, put 
|u| = 53 and Iwj = 67. Then any DGA-automorphism h of M' is DGA-homotopic 
to a map with no unipotent part. Indeed, let 

h{z) = z + fiv + f 2 W, h{v) = av, h{w) =bw + f^v 
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where a,b G Q* with ab = 1 and /i,/ 2,/3 G (xi,X 2 ), which is the ideal generated 
by xi,X 2 . Then, since |/i| = 66 , I/ 2 I = 52 and I/ 3 I = 14, we have 

/i = kix^X2 + I 1 X 2 X 2 , /2 = k2x\xl, /a = 0 

for ki,li,k 2 G Q. Thus /i and /2 are d'-exact cocycles. Therefore h is DGA- 
homotopic to the map with fi = / 2 (= /a) = 0 [1],[I1]. Hence any element h G 
£{M') is determined by h{v) = av and h{w) = bw for a,b G Q* such that ab = 1 
(since h idtA)- Thus we obtain 

£{M') = {(a, b) gQ* xQ* \ab=l}^ Q*. 

Therefore the DGA-surjections (An, 0) (— M' ^ {Aw, 0) (spherically injective maps 
/ : Sq ' ^ ||Af'|| and g : —>■ ||M'||, which are their geometric realizations) with 

f*{M) = g*{M) = 0, f*{v) = V, g*{w) = w and f*{w) = g*{v) = 0 induce 

(Q* -) £{S'^') = £{Av,0) - £{M') - f(Ain,0) = ^(5^“'') 

cl>f ijjg 

with ipg<j)f{a) = a~^ for a G Q*. Thus we have ~ ^ 
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